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Abstract
The variational approach to the problem of seeking axially symmetric solitons with
B = 12 is presented. The numerically obtained local minima of the skyrmion mass
functional and baryon charge distributions are pointing to the possible existence of
shape isomers in C12 spectra in the the framework of the original Skyrme model.
Theoretical analysis reveals the exclusiveness of each individual state manifested in
the structure of the solitons from the given topological sector B = 12.
I. INTRODUCTION.
The Skyrme model[1] was proposed in the sixties as a model for the strong interactions
of hadrons and was very successful in describing nucleons as quantum states of the chiral
soliton in original and generalized Skyrme model [2]. The Skyrme model gives us very
unusual instrument to study new physics especially in the light nuclei region. In this region
traditional one nucleon degrees of freedom are possibly not so important as finite sizes of
nucleon, comparable to the nuclear radiuses [3], [4]. There is no analytic solutions for the
Skyrme model equations of motion. We still have to use variational approaches. The most
popular in between them is the so called rational map ansatz [5] leading to the a number of
the solution with discrete space symmetries and topological charges corresponding to light
2nuclei atomic numbers up to 22. They are very like to fullerene structures more usual for
the larger molecular scale [6]. In any way such solutions are like pure numerical solutions
obtained in [7] for topological charges 2,3,4,5 and 6.
Here we try to search soliton with axially symmetric baryon charge distribution. Quan-
tization procedure for the states with baryon number equal to 2,3 and 4 was worked out
in [8] -[12] without vibrations have been taken into account and including the breathing
mode[13] -[14]. The [15] and [16] describe quantization rules for axially symmetric soliton
we are considering here.
The variational ansatz we use here was proposed independently in [17],[18] and [19]).
The ansatz being very simple, gives the possibility to do analytical analysis of a part of the
nuclear problem.
In this paper we present the results of our variational calculations of the classical soli-
ton structure with baryon charge B = 12 in the framework of the original SU(2) Skyrme
model. After the quantization procedure some of these solitons could be identified with
shape isomers of C12.
II. ANSATZ FOR THE STATIC SOLUTIONS.
We follow our papers [20] and [21] with some modifications. In variational form of the
chiral field U :
U(~r) = cosF (r) + i(~τ · ~N) sinF (r). (1)
we use the next general assumption about the configuration of the isotopic vector field ~N
for axially symmetric soliton:
~N = {cos(Φ(φ, θ)) · sin(T (θ)), sin(Φ(φ, θ)) · sin(T (θ)), cos(T (θ))}. (2)
In eq.(2) Φ(φ), T (θ) are some arbitrary functions of angles (θ, φ) of the vector ~r in the
spherical coordinate system.
III. MASS FUNCTIONAL AND SOLUTIONS FOR STATIC EQUATIONS.
After some algebra (1), (2) and the Lagrangian density L for the stationary solution
L =
F 2pi
16
· Tr(LkLk) +
1
32e2
· Tr
[
Lk, Li
]2
, (3)
3expressed through the left currants Lk = U
+∂kU lead to the expression
L = L2 + L4, (4)
where
L2 = −
F 2pi
8
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1
2e2
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(5)
The variation of the functional L =
∫
Ld~r with respect to Φ leads to an equation which
has a solution of the type
Φ(φ) = k(θ) · φ+ Const (6)
with a constrain:
∂
∂θ
[sin2T (θ) · sinθ ·
∂k(θ)
∂θ
] = 0. (7)
It is easily seen from eq.[20] that function k(θ) may be piecewise constant function (step
function) in general case:
Φ(θ, φ) =


k(1)φ+ ρ(1) , for 0 ≤ θ < θ1 ,
k(2)φ+ ρ(2) , for θ1 ≤ θ < θ2 ,
. . .
k(l)φ+ ρ(l) , for θl−1 ≤ θ < π .
Moreover k(θ) must be integer in any region θm ≤ θ ≤ θm+1, where θm, θm+1 are successive
points of discontinuity. The positions of these points are determined by the condition
T (θm) = m · π, (8)
with integer m, as follows from eq.(7).
4Now we have the following expression for the mass of the soliton
M = γ·[a · A + b · B + C], (9)
where γ = π · Fpi/e and x = Fpi · e · r and the a, b and A,B,C are the following integrals:
a =
pi∫
0
[
k2
sin2T
sin2θ
+ (T ′)2
]
sinθdθ, b = k2
pi∫
0
sin2T
sin2θ
(T ′)2sinθdθ, (10)
A =
∞∫
0
sin2F
[1
4
+ (F ′)2
]
dx, B =
∞∫
0
sin4F
x2
dx, C =
1
2
∞∫
0
(F ′x)2dx. (11)
Here we use the symbol prime to denote the following derivatives
Φ′ =
∂Φ
∂φ
; T ′ =
∂T
∂θ
; F ′ =
∂F
∂r
(12)
We consider the configurations with finite masses. The only configurations which obey
the finiteness of mass condition are the configurations with F (0) = n · π where n-is some
integer number. Without loss of generality we take F (∞) = 0. As it was shown in[20] T (θ)
has the following behaviour near the boundary of the domain of its definition
T (θ)→ θk, for θ → 0 ; T (θ)→ π · l − (π − θ)k, for θ → π. (13)
Here l is an integer number. Thus we have the following estimation for the number of
discontinuity points d:
0 ≤ d ≤ l − 1. (14)
Now all solutions Ul{ki,ni} are classified by a set of integer numbers l, k0, ..., kl−1 and
n0, ..., nl−1. The functions F (x) and T (θ) have to obey the equations (14,15) from[20] in
arbitrary space region with given number k.
IV. BARYON CHARGE DISTRIBUTION AND THE SOLITON STRUCTURE.
Now consider more carefully the structure of solitons. For that purpose let us calculate
the baryon charge density
JB0 (~r) = −
1
24π2
· ǫ0µνρTr(LµLνLρ). (15)
5The straightforward calculation gives
JB0 (r, θ) = −
1
2π2
·
sin2F
r2
·
dF
dr
·
sinT
sinθ
·
dT
dθ
·
dΦ
dφ
(16)
Equation (16) immediately results in the expression for the corresponding topological charge
B = −
l−1∑
m=0
(−1)m · nm · km (17)
In[20] we have investigated toroidal multiskyrmion configurations with baryon numbers
B = 1, 2, 3, 4, 5 and more complicated nontoroidal (including antiskyrmions (S¯)) configura-
tions.
It is obvious that setting km < 0 for even m, km > 0 for odd m and nm > 0 for all
m, we obtain configuration with positive baryon charge. In the general case for obtaining
configuration with positive baryon charge we must require that
nm · km > 0 for odd l ,
nm · km < 0 for even l .
V. THE MASSES AND BARYON CHARGE DISTRIBUTIONS.
Here we reproduce the mass values and baryon charge distributions corresponding to
the obtained local minima of the energy functional for the Skyrme field. We have to point
out that we discuss multiskyrmion configurations we search for not only classically stable
configurations (The decay in two or more skyrmions is forbidden energetically). Nonstable
configurations are also in our attention because they may become stable after the quantiza-
tion procedure [20] or pion field Casimir energy would taken into account in full quantum
description of the considered solitons.
We restrict ourself to configuration with a symmetric distribution of energy (mass) density
in the (x, y) plane. This mean that from the class of all solutions considered, characterized
by the numbers l, {km, nm}|
l
1, we choose only the solution satisfying the condition
ki = kl+1−i, ni = nl+1−i for odd l,
ki = −kl+1−i, ni = −nl+1−i for even l. (18)
In Table1 we present the masses of shape isomers of C12. The calculated soliton masses
are given in (πFpi/e) units.
6Configuration Mass (piFpi/e)
2{3.2-3.2} 157.6778
2{6.1-6.1} 137.9763
3{2.2-2.2-2.2} 172.3576
3{2.2-4.1-2.2} 161.6704
3{4.1-2.2-4.1} 145.1425
3{4.1-4.1-4.1} 134.4552
TABLE I: C12 soliton mass spectrum.
From Table 1 one see that in calculated part of spectrum all configurations have very
different structures. Presence of such isomers could probably be seen in high energy ion-ion
scattering experiments.
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FIG. 1: Baryon density of C12 shape isomers.
The reason we are looking for possible not pure toroidal solitons is that there is a number
of solutions with smaller masses among them. For example a configuration composed from
three toroidal multibaryons 3{4.1-4.1-4.1} has a smaller mass. Now this state can not decay
into 12 classical skyrmions with B = 1 (M1{1.1} = 11.60608πFpi/e) or into three toroidal
skyrmion with B = 4 (M1{4.1} = 47.67478πFpi/e). We point such a skyrmion as classically
stable configuration. The configuration 3{2.2-2.2-2.2} do not obey the condition of classical
7stability.
For calculated axially symmetric configurations we present baryon density distributions
integrated on dΩ = sin(θ)dφdθ at Figure 1. Here we use dimensionless coordinates x = Fpier.
In according to our calculations the solitons from the same topological sector can have
strongly different masses if they have different structure. We also have to point out that
a number of the states have shell like structure. There are states which has ni 6= 1. Such
shape isomer can give different specific contribution to physics processes in light nuclei.
VI. CONCLUSIONS.
The axially symmetric solitons with baryon number B = 12 have been investigated in the
framework of the very general assumption about the form of the solution of the Skyrme model
equations. The obtained solitons could be seen in nuclear reactions as isomer contributions
in reactions involving C12. Such isomers correspond to different form of baryon density
distribution. We have to point out that used ansatz leads to stable solitons with B = 12
and shell like structure of the baryon density distribution.
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